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Beat phenomenon in combined structure-liquid damper systems
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Abstract

The classicalbeat phenomenonhas been observed in most combined structure-liquid damper systems. The focus of this paper
is to provide a better understanding of this phenomenon, which is caused by the coupling that is introduced through the mass matrix
of the combined system. However, beyond a certain level of damping in the secondary system (liquid damper), thebeat phenomenon
ceases to exist. This is due to coalescing of the modal frequencies of the combined system to a common frequency beyond a certain
level of damping in the secondary system. Numerical and experimental results are presented in this paper to elucidate thebeat
phenomenonin combined structure-liquid damper systems. 2001 Elsevier Science Ltd. All rights reserved.
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1. Introduction

The effectiveness of liquid dampers in controlling
structural motions under wind and earthquake loadings
has been demonstrated in theory and practice. The most
commonly used liquid dampers include Tuned Sloshing
Dampers (TSDs) and Tuned Liquid Column Dampers
(TLCDs). The TSD is a type of inertial mass damper in
which the secondary system is represented by a sloshing
liquid mass in a container [2,3]. Damping in TSDs
results from wave breaking and the impact of liquid on
the container walls [7]. The TLCD is a liquid damper in
which an oscillating liquid column in a U-tube container
serves as the secondary inertial mass [5]. Damping in
TLCDs is introduced by an orifice provided in the U-
tube to dampen the oscillations of the liquid column.

Experimental studies involving a TLCD combined
with a simple structure have provided insightful under-
standing of the behavior of liquid damper systems (Fig.
1). The motivation of this paper is portrayed in Fig. 2(a)
and (b), which shows the free vibration decay of a com-
bined structure-TSD and -TLCD in the laboratory. The

* Corresponding author. Tel.:+1-219-631-4307; fax:+1-219-631-
9236.

E-mail address:swaroop.k.yalla.1@nd.edu (S.K. Yalla).

0141-0296/01/$ - see front matter 2001 Elsevier Science Ltd. All rights reserved.
PII: S0141-0296 (00)00085-7

controlled response exhibits the classicalbeat phenom-
enon characterized by a modulated instead of an
exponential decay in the signature. Thebeat phenom-
enon has been discussed in many classical texts on
vibration (e.g., [1]). There is a transfer of energy
between the coupled system, similar to the coupled pen-
duli problem. This paper focuses on better understanding
the beat phenomenonfor the combined structure-
TLCD system.

The free vibration equations of motion of the com-
bined single degree of freedom structure (primary
system) and TLCD (secondary system) shown in Fig.
3(c) are given by,
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wherex1 andx2 are the displacement of the primary sys-
tem with respect to the fixed base and the displacement
of the liquid in the secondary system, respectively;
m2=mass of fluid in the tube=rAl; c2=nonlinear damping
coefficient of the liquid damper;k2=stiffness of the liquid
column=2rAg; m1, k1, c1=mass, stiffness and damping
coefficient of the structure;r=mass density of liquid;
A=cross sectional area of the tube;g=gravitational accel-
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Fig. 1. Experimental setup for combined structure-TLCD system on
a shaking table.

eration;a is the length ratio=b/l; l=total length of the
water column; andb=horizontal length of the column.
Details of this system can be found in [6]. The behavior
of the general combined system of Fig. 3(c), as well as
the two special cases of Fig. 3(a) and (b), are examined
in the rest of this paper.

2. Behavior of SDOF system with TLCD

2.1. Case 1: undamped combined system

The coupled equations of motion without damping in
the primary and secondary system (Fig. 3(a)) can be
obtained from Eq. (1) by settingc1 andc2 equal to zero,
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ẍ2
G1Fw2

1 0

0 w2
2
GFx1

x2
G5F0

0
G (2)

wherem is the mass ratio=m2/m1; w1 is the natural fre-
quency of the structure; andw2=√2g/l is the natural fre-
quency of the damper. The modal frequencies of this
system are given by:

w̄1,25!w
2
1+w2

2(1+m)±P
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(3)

Fig. 2. Uncontrolled and controlled response of a structure combined
with (a) TSD (b) TLCD.

whereP2=(w2
12w2

2(1+m))2+4w2
1w2

2a2m.
It is obvious from Eq. (3) that, for an uncoupled sys-

tem (i.e., fora=0), the eigenvalues reduce to:

w̄15
w1

Î1+m
;w̄25w2 (4)

The coupling parametera in the mass matrix is
responsible for thebeat phenomenon. Fig. 4 shows the
phase plane portraits for the primary system for different
values ofa. Unless mentioned otherwise, all units of
displacements, frequencies and velocities are m, rad/sec
and m/sec, respectively. The first portrait shows that with
no coupling there is only one frequency at which the
structure responds, and as the coupling parameter
increases there isinterferencebetween the two states of
the primary system, namely,x1 and ẋ1.

For all simulations in this paper, the following para-
meters have been kept constant,w1=1 Hz, m=0.01 and
w2=0.99 Hz. Fig. 5 shows the time histories of the dis-
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Fig. 3. Different combined systems.

Fig. 4. Phase plane portraits of the undamped coupled system.

placement of the undamped primary system fora=0 and
a=0.6. When coupling is present between the two sys-
tems, the displacement signature is amplitude modulated.

To understand this phenomenon better, one can con-
sider the solution of the system of equations given in
Eq. (2). After some mathematical manipulation the dis-
placement of the primary system for the initial con-
ditions, x1(0)=x0; x2(0)=0; ẋ1(0)=0 andẋ2(0)=0, is given
by:

x1(t)5x0cosSwBt
2 DcosSwAt

2 D (5)

wherewA=w̄1+w̄2 andwB=w̄22w̄1, which means that the
resulting function is an amplitude-modulated harmonic
function with a frequency equal towB and the amplitude
varying with a frequency ofwA. This undamped com-
bined system case has been examined in texts on
vibration (e.g., [1]).

2.2. Case 2: linearly damped structure with undamped
secondary system

In this section, a linearly damped primary system with
undamped secondary system as shown in Fig. 3(b) is
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Fig. 5. Time histories of primary system displacement fora=0 anda=0.6.

Fig. 6. Variation ofwA andwB as a function ofa.



626 S.K. Yalla, A. Kareem / Engineering Structures 23 (2001) 622–630

considered. Accordingly, the equations of motion are
given by:
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This system has two complex conjugate pairs of eigen-
values,

l1,252w̄1z̃16iw̄1Î1−z̃2
1andl3,452w̄2z̃26iw̄2Î1−z̃2

2

wherew1,2 are the modal frequencies andz̃1,2 are the
modal damping ratios. The average frequency and the
beat frequency are plotted in Fig. 6 for different damping
ratios of the primary system. Ata=0 the beat frequency
(i.e. the difference in modal frequencies) tends to be
zero. As the coupling is increased there is an increase
in the beat frequency which causes thebeat phenom-
enon. From this analysis, one can conclude that there is
no beat phenomenonwhen the difference in the modal
frequencies approaches zero. Fig. 6 also shows the effect
of introducing damping in the primary system. At high
levels of damping ratio, there is a wider range of coup-
ling term a which results in the beat frequency being
equal to zero. This means that, over this range of the
coupling term, there is hardly anybeat phenomenon. For

Fig. 7. Time histories of response forz1=0.005 andz1=0.05.

a=0.3, beat phenomenonis present when the damping
ratio in the primary system is 0.005, but it disappears
when the damping ratio is 0.05. Fig. 7 shows the effect
of damping in the primary system on the response of
the primary system. As the damping ratio increases, the
response dies out in an exponential decay. However, the
beat phenomenonstill exists. This poses difficulty in the
estimation of system damping from free vibration
response time histories.

At this stage, the effect of a decrease in beat frequency
on the response signal can be further examined. Fig. 8
shows that aswB approaches zero,TB (the time period of
the beat frequency) becomes very large. The parameter
influencing the decay function isC (for a SDOF system,
C=z1w1). As a result, due to the damping in the primary
system, the response dies out before the next peak of the
beat cycle arises. Therefore, the response resembles that
of a damped single degree of freedom (SDOF) system.

2.3. Case 3: damped primary and secondary system

In this section, the system represented by Fig. 3(c) is
considered, where now an orifice in the middle of the
U-tube imparts damping to the system. In this case, the
following equations of motion apply:
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Fig. 8. Anatomy of the damped response signature.
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wherex is the headloss coefficient andc2=
1
2
rAx. Eq. (7)

is numerically integrated at different levels of the head-
loss coefficient and settingz1=0.001 anda=0.3 (Fig. 9).
The figure shows an interesting behavior of the liquid
damper system. In the previous section, the damping
simply caused an exponential decay of the beat response.
However, in this case, thebeat phenomenondisappears
after a certain level of the headloss coefficient. Since an
analytical solution is not convenient for this equation due
to the quadratic nonlinearity in the damping associated
with the secondary system, a linearized version of this
system is generally considered. Therefore, Eq. (7) is
recast as:
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The linearization of this system is based on harmonic
motion of the system. For a quadratic non-linearity, the
equivalent damping ratio can be obtained [4]. For a
quadratic nonlinearity of the form,

F5c2|ẋ|ẋ (9)

where F is the damping force, the equivalent linear
damping is given as:

Ce5
8c2Ax2

w2

3p
(10)

whereAx2 is the amplitude of liquid displacement. After
some manipulation, one can obtain an expression for the
equivalent damping ratio:

z25
xw2

2Ax2
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Fig. 9. Time histories of response forx=0.2, 2 and 50.

Fig. 10. Modal frequencies and modal damping ratios of combined system as a function of the damping ratio of the TLCD.
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Fig. 11. Phase–plane 3D plots (a) uncoupled system (b) case 1: undamped system (c) case 2: system with damping in primary system only (d)
case 3: system with damping in both primary and secondary systems.

Fig. 12. Experimental free vibration response with different orifice openings (F=0 fully open).
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Similar expressions can be derived for random
response cases.

The modal frequencies and damping ratios of the sys-
tem defined in Eq. (8) are plotted in Fig. 10 as a function
of equivalent damping ratioz2, which was defined in
Eq. (11). Fig. 10 explains the disappearance of thebeat
phenomenondue to coalescing of the modal frequencies
after a certain value of the headloss coefficient,x, (which
is related toz2 by Eq. (11)) is reached. The resulting beat
frequency approaches zero and hencebeat phenomenon
ceases to exist. This is similar to a previous case where
there was nobeat phenomenonfor coupling terma=0,
in which case the beat frequency was also zero.

Fig. 11 shows three dimensional plots of state space
portraits as a function of time. Fig. 11(a) shows the evol-
ution for an uncoupled system in which the amplitude
of response is constant. Fig. 11(b) and (c) show the cases
discussed in Sections 2.1 and 2.2. The final plot, Fig.
11(d), shows case 3 in which nobeat phenomenon
occurs in the coupled system. Thebeat phenomenoncan
also be examined from the wave propagation viewpoint.
Thespatial interference phenomenonis well understood
in the context of sound waves, light waves and water
waves which all exhibit interference patterns in space.
A ripple tank is a common tool used to demonstrate the
spatial interference phenomenon with the locations of
constructive and destructive interference. One can read-
ily see the similarity of the two phenomena, namely the
beat phenomenonand the spatial interference phenom-
enon. The state–space portraits in Figs. 4 and 11 show
similar interference patterns.

In order to further validate the observations made in
this paper, a simple experiment was conducted using the
experimental setup shown in Fig. 1. The TLCD was
designed with a variable orifice, to effectively change
the headloss coefficient. AtF=0 degrees, the valve is
fully opened and the headloss is increased with an
increase in the angle of rotation,F. In Fig. 12, there is
an obvious beat pattern for low headloss coefficients.
However, as the headloss coefficient is increased, the
beat phenomenondisappears and an exponentially
decaying signature is obtained. A similar observation
was made in Fig. 9 for simulated time histories.

3. Conclusions

Similar to coupled mechanical systems, the combined
structure-liquid damper system exhibits thebeat
phenomenondue to the coupling term that appears in the
mass matrix of the combined system. The free vibration
structural response resembles an amplitude modulated
signal. The beat frequency of the modulated signature is
given by the difference in the modal frequencies of the
coupled system. However, beyond a certain level of
damping in the secondary system (liquid damper), the
beat phenomenonceases to exist. This is attributed to
the coalescing of the modal frequencies of the combined
system to a common frequency beyond a certain level
of damping in the secondary system.
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