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ABSTRACT: In this papey a framework for studyingthe dynamicsof systemswith frequeng de-
pendentparametersunderstochastidoads, using the state-spacenodelingapproachs presented.
Particularemphasiss placedon the stochastiduffeting responsef long spanbridgesundermulti-
correlatedwvind excitation. Thebuffeting responsés expressedsthe outputof anintegratedsystem
driven by a vectorvaluedwhite noiseprocess.The integratedstate-spacenodelallows direct eval-
uationof the covariancematrix of the responseisingthe Lyapuna equationwhich leadsto higher
computationakfficiengy thanthe corventionalspectralanalysisapproach.The proposedmodelfa-
cilitatestime domainsimulationof the multi-correlatedwind fluctuations the associatedrequeng
dependenaerodynamidorcesandthe inducedstructuralmotion. The effectivenesof this approach
is demonstratedsingalong spancable-stayedbridge.

1 INTRODUCTION

Systemswith frequeng dependenparametersare often encounteredn engineeringoroblems,for
example theinteractionof structureswith soilsandstructuralresponsé¢o hydrodynamicandaerody-
namicexcitations(e.g.,Roger1977,Wolf 1991,Spanosk; Zeldin 1997,Damarer2000). In caseof
bridgebuffeting responsaindermulti-correlatedwvind excitation, the aerodynamidorceson bridges
arefrequenyg dependentlueto unsteadyfluid memoryeffects. Thesecharacteristicare generally
describedn termsof experimentallyidentifiedflutter derivativesfor the self-excited forces,andad-
mittancefunction and spanwisecoherencdor the buffeting forces,respectiely. They areessential
for anaccurateevaluationof structuralresponseinderwind excitation.

Althoughthesdrequeng dependentharacteristicsanbe easilyincorporatedn thefrequeng do-
mainanalysige.g.,Katsuchietal. 1999,Chenetal. 2000a) aspeciaktreatments requiredin thetime
domainsimulation.Most previoustime domainstudiesregardingthe bridgebuffeting responsdnave
customarilyutilized frequeng independentjuasi-steadpassumptiorwhich is valid only atvery high
reducedvelocities.Chenet al. (2000b)proposedh time domainanalysisframeavork thatincludesthe
frequeny dependenaerodynamidorces.Thisframevork offersarigorousrepresentationf thefre-
guengy domainanalysisof linear problemsprovidedthatthe aerodynamidorcescanbe represented
by arationalfunctionapproximationRFA) exactly or with anacceptabldevel of error.

In this paper an integratedstate-spacenodel of a multi-input and multi-output systemwith a
vectorvaluedwhite noiseinput is presentedo modelthe stochastidouffeting responsenf bridges
undermulti-correlatedwinds. Sucha unified modelhasnot beendevelopedbeforedueto a number
of modelingdifficulties facedby researchersThis approachs appliedto a long spancable-stayed
bridgeto demonstratéts effectiveness.The proposedapproachprovidesimmediateapplicationsto
soil-structureandfluid-structureinteractionproblems.



2 STATE-SFACEMODELING OF MULTI-CORRELATED WINDS

Themathematicainodelfor describinghe dynamicresponsef astructureunderwindsis described
schematicallyn Fig. 1. The multi-correlatedwind fluctuationsare consideredsthe outputof a sys-
temwith a vectorvaluedwhite noiseexcitation. The modelingof multi-correlatedwind fluctuations
in astate-spacamevork wasaddresseth Gogmann& Walter(1983),Suhardjcetal. (1992),Mat-
sumotoet al. (1996)andKareem(1997). This is basedon factorizationof the crosspower spectral
density(XPSD) matrix andsubsequentealizationof the transferfunction matrix. Theseoperations
arenon-trivial for the simulationof alarge sizewind field. In somecasesthe mathematicatlifficulty
andnumericalerror introducedby the calculationprocedureprecludedthe useof this techniqueto
realisticproblems(Matsumotoet al. 1996). Kareem(1997)suggestedomesimplifications,but the
approachremainedediousasattestedy alack of attemptgo modelwind for afeed-forwardlinkage
in control problems.In Kareemé& Mei (1999),the stochastialecompositiortechniquewasutilized
for state-spacmodeling.Chené& Kareem(2000)pointedoutthatwith thetruncationof highermodes
of wind fluctuationsthis stochasticddecompositiortechniqueprovidesanefficienttool for state-space
modelingof well-correlatedrandomprocessesilts effectivenessn modelingpoorly-correlatedan-
dom processess ratherlimited, particularly for representindpigh-frequeng wind fluctuations.
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Figurel Integratedmodelingof dynamicresponsef wind-excitedstructure

In this study a multi-variateauto-rgressie (AR) modelis utilized for the state-spacenodelingof
multi-correlatedwinds. This modelprovidesan efficient androbusttool comparedo the approach
basedon the factorizationof the XPSD matrix andthe approactbasedon the stochastiddecompo-
sition. Considera structurerepresentedby a finite elementdiscretization. The wind fluctuationsat
the centersof elementsW (t), arerepresentedby a multi-correlatedrandomprocess.Thesecanbe
representeasthe outputof a linear systemwith input of a vectorvaluedGaussiarwhite noisepro-
cessN(¢) with a zeromeanandidentity covariancematrix. This linear systemcanbe describedn
termsof a multi-variate AR modelas given belaw, which is consideredas a specialcaseof a gen-
eral auto-rgressve moving-average(ARMA) model(e.g.,Mignolet and Spanosl987,andLi and
Kareem1990a):

p
W(t) = > PyW(t — kAt) + LN(¢) (1)
k=1
whereAt is thetime intenal; p is themodelorder; Py, (k = 1,2, ...,p) arethe coeficient matrices
which canbe determinedasedn thewind correlationmatrix.

Oncethe AR modelis developed,thereare several waysto expressit in termsof a discrete-time
state-spacéormat. Here,the controllablecanonicaform is used(Ogatal994):

Xu(t) = AdwXuw(t — At) + BauwN(2); W(t) = CauXo(t) + DawN(2) 2
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Theequivalentcontinuousstate-spaceepresentationanbe givenas
Xy = ApXy + ByN; W = CpX, + D,N (4)
with therelationship
Agy = 8% By = (24 —T1)AL'By; Caw = Cuj Dy = Dy (5)

3 SATE-SFACEMODELING OF UNSTEADY BUFFETINGFORCES

Thebuffeting forcesactingon abeamelementof lengthl, i.e. lift (downward),drag(dovnwind) and
pitching moment(nose-up)jnducedby a sinusoidalind fluctuationwith circularfrequeng w, are
expressedn thefrequeny domainas

Fj(iw) = (oU”BI)A§(ik) W* (iw) (6)
where
CrLiXLy, JLy, CL2X Ly Ly Ly e /U
A;=| Cpixp,Jp,,  Cpexp,,Jp,, |; Fy=9 Dy ;5 W° ={ we/U };
BCyixmy, Imy,, BCmaxmy, Iy, My

Cp1=—-Cp; Cra= —0.5(C£ + CD); Cp1 =Cp;
Cpo = 0.5(C/D — CL); Cui1=Cuy; Cua = 0.505\/[ (7)

pistheairdensity;U isthemeanwind velocity; B = 2bisthebridgedeckwidth; Cp, Cr,, Cas arethe
staticcoeficients; C; = dCL/da andC), = dCys/de; xr (r = Ly, Lyw, Dows Dows My, Mpy)
denotethe aerodynamidransferfunctions betweenthe wind fluctuationsand buffeting forcesper
unit span,and its absolutemagnitudeis referredto as the aerodynamicadmittancefunction; J,
(r = Ly, L, Dy Dy, My, Mp,,,) denotethe joint acceptancéunctionsthat describethe reduc-
tion effect of the buffeting forcesdueto thelossof spanwisecorrelationwithin theelementompared
to thefully correlatedcase;u® andw® arethe wind fluctuationsat the centerof the element;super
scripte indicatesthe componenbn the element;the subscriptr indicatesLy,,, Ly, Dy, Dow, My
andMy,,; k = wb/U is thereducedrequeny; w is thecircularfrequenyg; andi = v/—1. For tower
and cableelementsf cable-supportetiridges,only the dragcomponenis generallyconsideredn
theanalysisof overall bridgeresponse.

Thebuffeting forcesarederivedasthe outputof a systemwith wind fluctuationsasinput. Thestate-
spacemodelingof F; will beaccomplishedn two steps.Thefirst stepis to modelthe aerodynamic
transferfunction x, (zk), andthe secondstepis to modelthejoint acceptancéunction J,. (ik). These
areexpressedn termsof the following rationalfunction approximationgChenet al. 2000b),while
otherforms canalsobe utilized:

J
”H (ik)A;

AX AJ ’.]"‘1 8
1*2 zk—i—dx ik ”JFX_‘: ik +dj; (®)



Accordingly the state-spacequationdor Fj arethenwrittenas
X¢ = AfXs + B{WS; F§ = CiX§ + D{W® 9)

Basedon thefinite elemenfprocedurethetotal nodalforce F(¢) canbefinally expressedn terms
of the state-spacequationsvith wind fluctuationsasinput, W (¢),

X, = ApX, + B,W; F, = C,X, + D,W (10)

4 STATE-SFACEMODELING OF SELF-EXCITEDFORCES

The self-excited forcesactingon abeamelementof length/ inducedby a sinusoidaimotionwith cir-
cularfrequeng w areexpressedsfollows by assuminghe self-excited forcesto befully correlated:

1
FS, (i) = U <A§(ik) + (z‘k)Aﬁ(z‘k))Ye(z'w) (11)
where
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andh®, p¢ and of arethe vertical, lateralandtorsionaldisplacemenat the centerof the element,
respectrely; H, P and A} (i = 1,2,...,6) aretheflutter derivatives; andthe over-dot denoteshe
differentiationwith respecto time.

Theself-excited forcesaremodeledasthe outputof a systemwith structuralresponseastheinput.
Their transferfunction is definedin termsof the flutter derivatives. Much researcheffort hasbeen
performedin the areaof state-spacenodelingof unsteadyself-ecited aerodynamidorcesin the
aeronauticafield by using a techniquebasedon the rational function approximation(RFA) (e.g.,
Rogerl977).AmongtheseschemedRRogers RFA is themostwidely utilized becausef theaccurag,
simplicity androbustnes®of the method.The applicationof RFA to bluff body bridgeaerodynamics
can be found in the representatiorof the self-excited forces (e.g., Scanlanet al. 1975; Wilde et
al. 1996; Chenet al. 2000aand 2000b). By fitting the talular dataH¢, (ik;) definedat a set of
discretereducedfrequenciest; (j = 1,2,...), the transfermatrix betweenthe self-excited forces
andthe structuralmotion canbe representedh termsof the following RFA in termsof the reduced
frequeny k (Rogerl977;andChenetal. 2000aand2000b):

. . . N2 m (ik)Aq—H&
H¢, (ik) = AS + (ik)AG = AS + (ik)AS + (ik)* A5+ > ——L= (13)
s ik + dj
whereAf, A§, A§, A% sandd; (df > 0;5 =1,2, ...,m¢) arethefrequeny independentnatrices
andparametersandm, representghe orderof RFA.
ReplacingheFouriertransformby aLaplacetransformthroughanalyticcontinuatiorwith s (where
5 = (=& + 1)k, ¢ is the dampingratio of the motion) substitutedor ik, and by taking an inverse
Laplacetransform,the self-excited forcesinducedby arbitrarymotion canbe expressedn termsof
following state-spacequations:

. deU . ,
Xiej(t) = === X5ej (1) + AT YO (1) (G =1,2,..,m°) (14)
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whereX¢, ; (7 = 1,...,m®) aretheaugmenteahew variablesrepresentinghe aerodynamistates.

Basedonthefinite elemenfprocedurethetotal self-excitedforcescanbefinally expressedn terms
of thenodalmotionY as

Koes) = ~ 0Ky (0) + Ajus¥ () (G=1,2,m) (16)
| RN b, - ¥ o . n

Fse(t) - ipU (AlY(t) + ﬁAQY(t) + mA?’Y(t) + szej(t)> (17)
j=1

where,Aq, Ag, A3, Ajizandd; (d; > 0;5 = 1,2,...,m) arethefrequeng independentnatrices
and parameter;n representshe orderof RFA; and X,;(t) (j = 1,2,...,m) arethe augmented
aerodynamictates.

5 REDUCED-ORDERSTATE-SFACEMODEL OF INTEGRATED BRIDGE SYSTEM

For linear structuresthe reduced-ordeequationsof motionin termsof the generalizednodalcoor
dinatesq canbeutilized for computationatorvenience:

Mog + Coq +Koq = Qe + Qs (18)

whereMgy = ¥TMW®¥, Cy = ¥7CW¥ andKy = ¥TK¥ arethe generalizednass,dampingand
stiffnessmatricesyrespectiely; Q,. = ¥7F,, andQ, = ¥TF,; arethegeneralizesgelf-excitedand
buffeting force vectors,respectiely; ¥ is the modeshapematrix; andM, C andK arethe mass,
dampingandstiffnessmatricesin physicalcoordinatestespecirely.
The state-spacequationsof Q, is given belov basedon the state-spacaepresentatiorof F,
(Egs.10)
Xp = ApXp + BoW; Qp = CpoXp + Do W (19)

whereCy, = ‘I’ch, Dy = \I’TDI,.
The state-spacequationof Q,. canbe given asfollows basedon the state-spacenodelof F e
(Egs.16and17)

deilt) = D a0+ Qirsdlt) (i =1,2,m) (20
2 m

Qult) = o0 (qu(t) 2 QD) + 75 Qi) + 3 qsej(t)> 1)
7j=1

whereQ; = ¥TA T, Qy = $TAT, Q3 = $TA;P, Q13 = TTA; 3T andq,;(t) =
U X i (t) (7 = 1,2,...,m).

An alternatve approachfor modelingthe generalizedelf-excited forcesis to directly fit the gen-
eralizedmodalaerodynamienatricescalculatedht discretereducedrequencieslif asmallernumber
of lag termscanthusbeused thiswill reducethenumberof addedaerodynamictates.

By augmentingthe state-spacequationsof the structuralmotion with the correspondingstate-
spaceaepresentationsf theloadingcomponentandwind fluctuationsasstatedabove, anintegrated
state-spacenodel,given belaw, is establishedhat synthesizeshe unsteadycharacteristic®f multi-
correlatedwind field, frequeny dependentunsteadyaerodynamidorcesand the dynamicsof the
bridge.

XO =AopXg+ByN; Y= \I’TG()XO (22)
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where
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Whenconsideringalinearaerodynamiproblem thestate-spacmodelingof Q;, canbeestablished
alternatvely basedon their XPSD matrix which is subsequentlgxpressedn termsof an AR model,
similar to the caseof multi-correlatedvind fluctuations.

Thesolutionof Eq. 22 canbeobtainedby (SoongandGrigoriu 1993)

t
Xo(t) = eAot—0X (1) + [ eAt-TIB N(7)dr (24)
to

The covariancematrix Rx canbedirectly calculatedy solvingthefollowing Lyapune equation:
AgRxo + RxoAT + BBl =0 (25)

Therecastingf theoverall systemequationsn the state-spactormatallows theuseof toolsbased
on thelinear systemtheoryfor the responseanalysisoptimization,andactive suppressiomf flutter
andalleviation of buffeting. By usingthis model,thewind loadinformationcanbeincorporatedn a
structuralcontroldesignasafeed-forvardlink with the potentialto enhancehe controleffectiveness
(Suhardjoet al. 1992). Direct calculationof the covariancematrix of the responseby using the
Lyapune equationprovideshighercomputationakfficiengy thanthe corventionalspectralanalysis
approachln addition,the structuralandaerodynamicouplingeffectscanbe automaticallyincluded
in theanalysis.

6 EXAMPLE

An examplewas usedto illustrate the integratedstate-spacanalysisframevork formulatedin this
study Theexamplebridgeis a cable-stayedridgewith a mainspanof approximatelyl000m. For
simplicity andwithoutlossof generality only wind forcesactingonthebridgedeckwereconsidered.
The von Karmanspectrawere usedfor describingthe power spectraof wind fluctuations. For u
andw componentsturbulenceintensitiesand integral lengthscalesequalto 10 % and 7.5 %, and
80 m and40 m, respectiely, were considered Higherlengthscaleswereusedin the calculationof
coherencdunctionsin orderto accountfor the strongerspanwisecorrelationin the buffeting forces
thanthoseof the wind fluctuations.Lengthscalesverechoseras 160 m and80 m for the buffeting
forcecomponenassociateavith theu andw componentsiespecirely.



Thebridgedeckwasdiscretizednto 43 elementsalongthespan.In this study thew andw compo-
nentswereassumedo beindependentThesewereexpressedisingtwo separatestate-spacenodels
with 258 states.The modelingis straightforvard for the casesconsideringhe correlationbetweenu
andw component®f wind fluctuations.

For eachelement two differentadmittancefunctionsfor » andw componentsvere used,which
wereall expressedisingRFAs with two rationalterms.Davenports formulawith a decayfactorof 8
wasusedfor drag,and Seardunctionwasusedfor thelift andpitchingmoment.Two differentjoint
acceptancénctionswereusedfor buffeting force componentsissociateavith . andw components.
ThesewerealsoexpressedisingRFAs with two rationalterms.Thedimension®of thestate-ectorfor
thebuffeting forcesactingon eachelementandtheoverall structurevere6 and258,respectiely, and
thesewerethesamefor bothcomponentgorrespondindgo » andw componentsf wind fluctuations.

The drag componenbf the self-excited forcesdueto lateral motion was evaluatedbasedon the
guasi-steadjheory andthecomponentselevantto theverticalandtorsionalmotionswereneglected.
The lift and pitching momentcomponentf the self-excited forceswere calculatedbasedon the
Theodorserunction. The generalizeaelf-eccited forceson thefirst 12 bridgedeckdominatednat-
ural modeswere expressedisingRFA with two rationalterms. The naturalfrequenciesangefrom
0.07to 0.6 Hz. Thelogarithmicdecremenfor eachmodewasassumedo be 0.02. Thetotal dimen-
sion of the state-ectorsof the integratedsystemcorrespondingo » andw componentsvere both
equalto 564. For eachof thesetwo integratedsystemsthe covariancematrix was calculatedusing
theLyapune equationto obtainthe covarianceof thetotal response.

Figure 2 shaws the root meansquare(RMS) buffeting responseén lateral, vertical and torsional
directionsalongthe spanat meanwind velocitiesof 40, 60 and 80 m/s comparedwith thosebased
on the spectralanalysisapproach.Excellentagreementlemonstratedhe accurag of the proposed
framework, while the state-spacenodelis computationallymoreefficient. For this example,compu-
tationaleffort usingthe proposedschemas lessthanhalf of thatneededor the corventionalspectral
approach.The critical flutter velocity wasfoundto be 113.8m/s utilizing a stability analysisof this
integratedsystemthroughthe comple eigervalueanalysis.
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Figure2 Comparisorof the buffetingresponse

7 CONCLUDING REMARKS

An integratedstate-spacenodelof a multi-input andmulti-outputsystemwith a vectorvaluedwhite
noiseinputwaspresentedo describehe dynamicresponsef bridgesundermulti-correlatedvinds.
The state-spaceodelingof multi-correlatedvindswasestablishedisinga multi-variateAR model.
Theunsteadybuffeting andself-excited forcesweremodeledusingrationalfunction approximations
of their frequeny dependentharacteristics. The proposedapproachhelpsto gleana clearinsight
into themodelingof wind-inducedvibrationproblems.

This approacHfacilitatesthe useof tools basedon linear systemtheoryfor the responseanalysis
and structuralcontrol design. This procedureallows the time domainsimulationof the response
to incorporatethe frequeny dependentaerodynamidorcesinsteadof the generallyassumedjuasi-
steadyforces. This featureenhancesheaccurag of the predictedresponsesThis frameavork canbe
utilizedin astructuralcontroldesignby incorporatinghewind loadinginformationasafeed-forvard
link whichimprovestheeffectivenesof controlactions.Directevaluationof the covariancematrix of
responseisingthe Lyapune equationoffers computationakfficiency over the corventionalspectral
analysisapproach.



Althoughemphasisvasplacedin this studyontheresponsef bridgesundermulti-correlatedvind
excitations,the proposedapproachprovidesimmediateapplicationsto other structuresunderwind
excitations. It hasimmediateapplicationgto systemswith frequeng dependenparametersuchas
thoseinvolvedin soil-structureandfluid-structureinteractions.
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