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ABSTRACT

Thispaperpresentstheformulationandapplicationof stochasticdecompositionof covarianceandcross-
powerspectraldensitymatricesin theanalysisof wind loadeffectsonstructures.Thistechniquenotonly
enhancesour understandingof theunderlyingphysicsof wind loadsandtheir effectson structures,but
alsoprovidesefficientmeansto estimatestructuralresponseundermulti-correlatedexcitations.Detailed
discussionon the truncationof higherwind loadingmodesin the modelingandsimulationof random
wind load processesandassociatedanalysisof wind effectsarediscussedusingan examplehigh-rise
building.
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INTRODUCTION

Thestochasticdecompositionschemeinvolvesdecompositionof thecovarianceand/orthecross-spectral
density(XPSD)matricesof a multi-variaterandomprocess.This decompositiontechniqueis theoreti-
cally basedon theKarhunen-Loeveexpansionwhich is alsoknown asproperorthogonaldecomposition
(POD) or principal componentanalysis(PCA). Armit (1968)pioneeredthe applicationof POD of the
covariancematrix to wind-relatedproblems,and it was later usedby many researchersin describing
pressurefluctuationson buildings andstructuresanda hostof wind-relatedproblems(e.g.,Lee 1975;
Kareem1978;KareemandCermak1984;Holmes1992;Davenport1995;Carassaleetal. 1998;Tamura
etal. 1999;andKareem1999).Thestochasticdecompositionof fluctuatingpressurefield onastructure
providesusefulphysicalinsight to thespatio-temporalnatureof wind loadsutilizing underlyingeiegn-
valuesandeigenvectors.It alsoprovidesa usefulmeansof relatingthepressurefield with theattendant
loadeffectson structures.

Theconceptof stochasticdecompositionof XPSDmatrixasappliedto probabilisticdynamicsanddigital
simulationof multivariaterandomprocesseswasintroducedin Li andKareem(1993and1995). It is
very effective in determiningtheresponseof nested-cascademultiple input/outputsystemsthat require



perturbationor iterativeanalysistechniques.It canalsobeusefulin thedynamicanalysisof largescale
structuresexposedto wind. Otherapplicationscanbefound in Lin (1992),Di Paolo(1998),Carassale
et al. (1998),BenfratelloandMuscolino(1999),Kareem(1999)andKareemandMei (2000).

In thispaper, thetheoreticalbackgroundof thestochasticdecompositiontechniqueis presented.Empha-
sisis placedon its applicationto theanalysisof wind effectson structures.A detaileddiscussionon the
truncationof higherwind loadingmodesin themodelingandsimulationof randomwind loadprocesses
andanalysisof wind effectsis providedusinganexamplehigh-risebuilding.

STOCHASTIC DECOMPOSITION

Covariance Matrix

FollowingMercier’stheoremandtheKarhunen-Loeveexpansion,adiscreterandomfield ���������
	��
��������������
����������� , ����� ���
���� !������"�# canbeexpandedin termsof spatialoptimalorthogonalmatrix $ as:�������%� $'& �(���)�  *+�, � $ +.-.+ �(����/ & �����%� $ # ������� (1)

Theorthogonalmatrix $ is theeigenvectormatrixof thecovariancematrix 021 with diagonaleigenvalue
matrix 3 . Thesearegivenby: 0546$ � 37$ (2)

It is notedthatthestochasticdecompositionof thecovariancematrixdecomposesasetof correlatedran-
domprocesses������� into anumberof componentrandomsub-processes& �(��� . Any two randomprocesses-98 ����� and -;: �(��� arestatisticallynon-correlatedat zerotime lag:<5= -98 ����� -�: �����?>@�BA 8C: <D= - �8 �(���E>@�FA 8G:�H�8 (3)

It canbeshown thattheintegralof themeansquarevalueis equalto thesumof theeigenvalues,i.e.,<D= � # �
>@� <5= & # & >@�  *+�, � <D= - �+ �����E>@�  *+�, � H�+ (4)

In above, A 8C: is theKronekerdelta;andsuperscriptI representsthematrix transposeoperator.

Spectral Matrix

TheXPSDmatrixof randomprocesses������� canbedecomposedas:J 4 ��KL���NMO��KL��MQP���KL� (5)

whereR representstransposeandconjugateoperator. Thisdecompositioncanbeobtainedby theCholesky
or Schur(modal)decomposition.Whenthedecompositionis basedontheeigenvectorsof XPSDmatrix,MO��KL���TSU��KL��V WD��KL� , where SU��KL� and W5��KL� areeigenvectorandeigenvaluematrices,andgivenby:J 4 ��KL��SU��KX���BW5��KL��SU��KL� (6)

Therandomprocesses������� canbeviewedastheoutputof a systemwith a transfermatrix SU��KL� anda
vector-valuedinput Y ����� with XPSDmatrixof W5��KL� , i.e.����KL���TSU��KX� V WD��KL���ZS[��KL� Y ��KL���  *+�, � S + ��KX��\ + ��KL� (7)



or it is written in thetimedomainas:�������%�  *+�, � � + �(����/ � + �����%�^]`_a6b[c + ���edgfh�i\ + ��fj��k.f (8)

where c + ����� is the inverseFourier transformof S + ��KL� . It canbe seenthatany two elementprocesses
from � 8 ����� arestatisticallyfully coherent,while any twoprocessesfromdifferent� 8 ����� and� : ����� arenon-
coherent.Hence,eachrandomprocessis viewedasa summationof mutuallynon-coherentcomponent
sub-processes.

The relationshipbetweenthe eigenvectorsof the covarianceandfrequency dependenteigenvectorsof
theXPSDmatricesis: $237$ # � ] bl S[��KL��WD��KL�mSnP���KL�ikEK (9)

ANALYSIS OF WIND-INDUCED RESPONSE

Wind effectson structurescan be conveniently separatedinto backgroundand resonantcomponents.
Typically, thedynamicresponseanalysisis conductedin modalspacefor computationalefficiency. In
general,while onlyafew numberof modesneedto beincludedfor theresonantresponse,thebackground
componentrequireslargernumberof modes.Therefore,directcalculationof thebackgroundresponse
usingquasi-staticanalysisenhancescomputationalefficiency over the modalanalysisapproach.The
backgroundcomponentof a specificresponseo ��� l ����� (i.e. displacement,shearforce,moment)andits
meansquarevaluecanbegivenas: oqp ��� l �������Br5�������%�Fr $'& �(��� (10)s �tEu �Fr 0D4 r # �Fr $`37$ # r # �  hv*+�, �.w �+ H�+ (11)

where w + �yx  :�, �{z :}|~:i+ ; r is the ��R�� influencevector; ������� is the ��R�� externalwind loadvector;& ����� is the �'�[R7� expansioncoefficient vectorof POD; $ is the ��R'�
� eigenvectormatrix of the
covariancematrix 0D4 of ���(��� ; and � and �
� � �
�U� � � arethenumbersof thediscreteloadsandthe
eigenvalues(wind loadmodes)considered,respectively.

Basedon the load-response-correlationapproachproposedby Kasperski(1992),thebackgroundcom-
ponentof theequivalentstaticloaddistribution for thepeakresponseo�p����E� �N� s tEu (where� is thepeak
factor)is expressedas:�

� p ��� 0
1 r #X� s t u ��� $237$ # r #@� s t u �  v*+�, � w +.H�+ $ + � s t u (12)

It is notedthat the backgroundresponseandthe associatedequivalentstatic load canbe expressedas
a sumof the contribution from wind loadingmodes. The contribution of eachmodedependson the
influencefunction,loadingmodeshapeandeigenvalue.

Theresonantcomponentscanbecalculatedby usingmodalanalysistechnique.Consideringthefirst �
modesof thestructuralsystem,theequationof motionarereducedto � uncoupledequationsin termsof
themodalcoordinates� ����� . TheXPSDmatrixof � ����� is givenby:J@� ��KL���B����KL�m� # J 4 ��KX���5� P ��KL���FM � ��KL�iM � P���KL� (13)M � ��KX���B�g��KL��� # M���KL� (14)



�g��KL���Bk9� - � =�� : ��KL�E>�/ � : ��KL��� � � ��� : �id�� �e  � �8  ¢¡ ����£ :   £ � : �¤� : ��� (15)

where M���KL� is the �'¥'R��
¥ decomposedmatrix (Eq.5, �
¦!� � ). In thecaseof decompositionbased

on the eigenvectorsof XSPD matrix, MO��KL�
�§SU��KL��V WD��KL� ; � is the �§R¨� structuralnaturalmodal
shapematrix; � : �i� : � ¡�© K : arethemassandfrequency in ª -th mode; £ : and £ � : arethestructuraland
aerodynamicdampingratiosin ª -th mode(ª � � � ¡ � ����� � � ); and �e�T« d � .
Themeansquarevalueof ª -th modalresponseis expressedas(Kareem1999):s �¬®­ � ] bl ¯ � : ��K ¯ � � #: JL° ��KL��� : kEKQ�  ²±*+�, � ] bl ¯ � : ��KL� ¯ �m³´�:i+ ��KL�Eµ + ��KL�ikEK (16)

where
³ :i+ ��KL�¶�·�¸#: S + ��KX� . The resonantresponsecomponentcanbe evaluatedby assumingthat the

forcing function is placedby a white noisewith a constantspectraldensityat the structuralnatural
frequency (Kareem1987): s �¬j­�¹ �  h±*+�, � © K : ³ �:E+ ��K : �iµ + ��K : �º � ¡�© K : �E»��(£ :   £ � : �E� �: (17)

Theresonantcomponentof o ��� l ����� is givenby:

o�¼ ��� l �����%� ½*:�, �q¾ :�¿': ¼ �(����/ s �t ¹ � ½*:�, � s �t ­�¹ � ½*:�, �q¾ �: s �¬j­�¹ (18)

where ¾ : �ÀrnÁ l � : � ¡�© K : � � is the participationcoefficient of ª -th modeto the responseo ��� l ����� ; andÁ l is the massmatrix in physicalcoordinates.Accordingly, the ª -th moderesonantequivalentstatic
loaddistributioncanbeexpressedin termsof inertial forcedistributionas:

�
� ¼ : ���ÂÁ l � : � ¡�© K : � � s ¬j­�¹ (19)

It is notedthat the resonantmodal responseandequivalentstatic load canbe expressedasa sumof
the componentsassociatedwith frequency dependentloadingmodes. The contribution of eachmode
dependson thestructuraldynamiccharacteristics,loadingmodeshapeandeigenvalue.

Alternatively, thebackgroundresponsecanalsobegivenin termsof modalresponses.Themeansquare
valuesof thebackgroundresponsein modalandphysicalcoordinatesaregivenby (Kareem1999):s �¬ ­ u �  jÃ*+�, �XÄ bl ³ �:E+ ��KL�iµ + ��KL��kEK� ¡�© K : � » � �: �  v*+�, � Å �:i+ H�+� ¡�© K : � » � �: / s �tEu � ½*:�, � s �t ­ u � ½*:�, �9¾ �: s �¬ ­ u (20)

whereÅ :i+ �T�¸#: $ + .
Thetotal absolutepeakvalueof responseo ��� l ����� is thengivenby (ChenandKareem2000):

o����E� ��� s t �N� V s �tEu   s �t ¹ ���)Æ s tEu�Ç p   ½*:�, � s t ­�¹ ÇQ: ¼iÈ �BrÉÆ � � p Ç p   ½*:�, �
�
�Ê: ¼ ÇË: ¼�È (21)

where Ç p and ÇQ: ¼ aretheweightingfactorsgivenby:Ç p � s tEu � s t / ÇË: ¼ � s t ­�¹ � s t (22)

Accordingly, thetotal equivalentstaticpeakloaddistribution includingstaticload

�
¦ is givenas:
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�
� �

�
¦´Ì � � � p ÇQ:   ½*:�, �

�
��: ¼ ÇQ: ¼ �

(23)
APPLICATION

A 76 story 306 meterswith 76 DOF is used
to discussthe formulationpresentedhere. The
first natural frequency and dampingratio are
0.160 Hz and 0.01, respectively. The mean
wind velocityatheight � 8 abovegroundis given
by the power law Î 8 � Î � l ��� 8 � ��Ï � l�Ð » , whereÎ � l is themeanwind velocityat10m abovethe
groundandis chosento be15 m/sec.Theone-
sidedcross-spectrumof along-windfluctuationÑ 8 and Ñ : ���e� � � ¡ � ����� ��ÒqÓ9� is givenby:Ô@Õ�Ö×Õ ­ ��KL��� ºÙØ l Î �� lK ¿ �� �   ¿ � � »iÚ¤Û w}Ü�Ý ��� 8 ��� : ��KX�

(24)w�ÜqÝ ��� 8 ��� : ��KL���NÞ�ß6à
�id w ��K ¯ � 8 dá� : ¯Î � l � (25)

where¿ = � ¡ ÏqÏ K � Î � l , Ø l =0.03and w � =7.7

Basedon thequasi-steadyandstrip theory, the
dragon the � -th storyis givenby:â 8 �(���)� ÏÂ�äã�å z 8(æ�ç Î �8 � �  ¢¡ Ñ 8 ����� � Î 8 � (26)

where drag coefficient æ�ç =1.2 and z 8 is the
tributary areafor the � -th story unit. Figures
1 and 2 show the eigenvaluesof the covari-
ancematrix andthe contribution of eachload-
ing mode to the backgrounddisplacementat
the top of the building. The total RMS re-
sponseis given by the squareroot of the sum
of the squaresof eachcomponent. The load-
ing modeshapesbasedon the covarianceand
XPSDmatricesareshown in Fig. 3. Theequiv-
alentstaticloaddistributions(pressures)for the
displacementat the top, the baseshearforce
and baseover-turning moment are shown in
Fig.6(b). Figure6(a)alsoshowsthemeanstatic
load (pressure)given by

�
¦ = 	 Ï6�äã�å æ�ç Î �8 " . It

is noted that the backgroundresponseand
loads are dominatedby the first wind load
mode.It contributedabout95è , 95è and99è
(i.e. w � � H � � xQé¤ê+�, � w �+ H�+ ) to themeansquaredis-
placement,baseshearand basemoment, re-
spectively.
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Figure 4 shows the eigenvaluesof the XPSD
matrix at differentfrequencies.It is notedthat
at thelower frequency rangethefirst wind load
eigenë value dominates,whereasat higher fre-
quency rangeall theeigenvaluesareof thesame
order. Figures5(a) and 5(b) show

³ :i+ ��K 8 �[��7#: S + ��K 8 � ( � =ª =1,2; ì � � � ¡ � ����� � �'¥ � which
suggestrelative significanceof each loading
mode to the first and secondstructuralmode
responses.Thesealso show approximateor-
thogonality among loading modesand struc-
turalmodes.Sincethefirst loadingmodeshape
is similar to the first structuralmode, the or-
thogonality amongthe higher loading modes
andfirst structuralmodeapproximatelyholds.
However, it is not true in the caseof second
structuralmode,in which not only thefirst and
secondloadingmodes,but alsothehigherload-
ing modeshave non-negligible contribution. In
fact, the loading modesdependon the spatial
variationof thefluctuatingwind field, thesedo
notnecessarilyguaranteetheorthogonalitywith
thestructuralmodeswhich dependon themass
andstiffnessdistributionof thestructure.In this
example,the RMS resonantresponseis domi-
natedby the responsein the first mode(more
than97è ), which is contributedmainly by the
first loadingmode(about90è ). Theratiosbe-
tweenmeansquarebackgroundandresonantre-
sponsesare 0.32, 0.40 and 0.33 for displace-
ment, baseshearand basemoment, respec-
tively.

The resonantequivalent static loads for the
first and secondnatural modesare shown in
Fig. 6(c). The total peakequivalentstaticload
is shown in Fig. 6(d). The peakfactor � is as-
sumedto be3.5. Thegustresponsefactorsfor
thedisplacementat thetopof thebuilding, base
shearforce andbaseover-turning momentare
foundto be1.1124,1.0384and1.0832,respec-
tively.

The stochasticdecompositiontechnique has
been used in the simulation of random pro-
cessesusingspectralor hybridspectralandtime
seriesschemes(Kareem1999).It hasalsobeen
implementedin state-spacemodelingof multi-
correlatedwind fields(BenfratelloandMuscol-
ino 1999;andKareemandMei 2000).Thede-
compositionin Eq. 5 using modal schemere-
quiresmorecomputationaleffort in comparison
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with the Cholesky decomposition. In both
schemes,truncationof highermodesor reduc-
tion of the order of decompositionenhances
computationalí efficiency. In the state-space
modeling, further approximationof the fre-
quency dependenteigenvectorsof XPSD ma-
trix is possiblein specialcases.The eigenvec-
torscanbeevaluatedat a fixedfrequency if the
eigenvectorschangeveryslowly with respectto
thefrequency (KareemandMei 2000).

Figure7 shows the influenceof the truncation
of higherloadingmodesonthePSDof thegen-
eralizedforcein thefirst structuralmodeandof
theforceonthe50thstory. Thenumberof load-
ing modesincludedis selectedas1, 2, 10 and
20. ThesereconstructedPSDarecomparedto
theoriginal untruncated.Resultsindicatesthat
an accuraterepresentationof the local element
force,especiallyat higherfrequency range,us-
ing the stochasticdecompositiontechniquere-
quires large numberof loading modes,while
only a few loadingmodescan accuratelyrep-
resentthe global wind loadsand their effects.
ThePSDin thehigh frequency rangeis partic-
ularly importantfor theestimateof resonantre-
sponseof moreflexible structuresuchashigh-
risebuildings.
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Fig. 7 Effectsof highermodetruncationto
PSDof rorces

Fromthecoherencefunctionof thewind field thatdecreaseswith the increasein frequency andspatial
separation,it canbe easilyunderstoodthat at higher frequency rangeor with large spatialseparation
the wind fluctuationswill becomestatisticallynon-coherent.Weakly coherentrandomfields require
relatively largenumberof modesto beconsideredin thereconstruction.In theextremecasewhenthe
randomprocessesarestatisticallynon-coherent,i.e. the XPSD matrix is diagonal,all the modeswill
beneededfor anaccuraterepresentationof theoriginal randomprocesse.Therefore,theefficiency and
accuracy of thesemodelingandsimulationtechniquesdependson the propertiesof the XPSD matrix
andthefrequency rangeof interest.Thestochasticdecompositiontechniqueis especiallyvery effective
andefficient in simulatingandmodelingwell correlatedrandomfieldssuchasthepressurefieldsaround
low-risebuildings,roofsandsidefacesof tall buildings.

CONCLUSIONS

Examiningthe wind load effectsin light of the loadingmodesenhancesour understandingof the dy-
namicsof wind effectsonstructures.It alsoprovidesefficientwayto estimatethebackgroundwind load
effects,andservesasausefultool for simulatingandmodelingmulti-correlatedwind fieldsby truncating
highermodes.Resultsindicatethataccuraterepresentationof PSDat higherfrequency rangerequires
inclusionof largernumberof modes,especiallyfor local wind loadeffects.
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