ON THE APPLICATION OF STOCHASTIC DECOMPOSITION IN THE
ANALYSISOF WIND EFFECTS

XinzhongChenandAhsanKareem

Departmenbf Civil EngineeringandGeologicalSciences,
Universityof Notre Dame,Notre Dame,IN 46556-0767\JSA

ABSTRACT

This papemresentsheformulationandapplicationof stochasticdecompositiorof covarianceandcross-
power spectrabdensitymatricesn theanalysisof wind loadeffectson structuresThistechniquenotonly
enhance®sur understandingf the underlyingphysicsof wind loadsandtheir effectson structuresput
alsoprovidesefficientmeando estimatestructuralresponseindermulti-correlatedexcitations.Detailed
discussioron the truncationof higherwind loadingmodesin the modelingand simulationof random
wind load processesndassociatednalysisof wind effectsare discussedisingan examplehigh-rise
building.
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INTRODUCTION

Thestochastidecompositiorschemenvolvesdecompositiorof thecovarianceand/orthecross-spectral
density(XPSD) matricesof a multi-variaterandomprocess.This decompositioriechniqueis theoreti-
cally basedn the Karhunen-Loge expansionwhichis alsoknown asproperorthogonalkdecomposition
(POD) or principal componentnalysis(PCA). Armit (1968)pioneeredhe applicationof POD of the
covariancematrix to wind-relatedproblems,andit was later usedby mary researchers describing
pressurdluctuationson buildings and structuresand a hostof wind-relatedproblems(e.g.,Lee 1975;
Kareem1978;KareemandCermakl1984;Holmes1992;Davenportl995;Carassaletal. 1998; Tamura
etal. 1999;andKareem1999). The stochastia@lecompositiorof fluctuatingpressurdield on a structure
providesusefulphysicalinsightto the spatio-temporahatureof wind loadsutilizing underlyingeiegn-
valuesandeigervectors.It alsoprovidesa usefulmeansof relatingthe pressurdield with the attendant
loadeffectson structures.

Theconcepbf stochastidecompositiorof XPSDmatrixasappliedto probabilisticdynamicsanddigital
simulationof multivariaterandomprocessesvasintroducedin Li andKareem(1993and1995). It is
very effective in determiningthe responsef nested-cascadaultiple input/outputsystemshatrequire



perturbatioror iterative analysistechniqueslit canalsobe usefulin the dynamicanalysisof large scale
structuresexposedto wind. Otherapplicationscanbe foundin Lin (1992),Di Paolo(1998),Carassale
etal. (1998),BenfratelloandMuscolino(1999),Kareem(1999)andKareemandMei (2000).

In this paperthetheoreticabackgrounaf the stochastiddecompositionechniques presentedEmpha-
sisis placedonits applicationto the analysisof wind effectson structuresA detaileddiscussioron the
truncationof higherwind loadingmodesn the modelingandsimulationof randomwind load processes
andanalysisof wind effectsis providedusinganexamplehigh-risebuilding.

STOCHASTIC DECOMPOSITION
Covariance Matrix

Following Mercier'stheoremandtheKarhunen-Loge expansionadiscretaandomfield p(t) ={p(z1, ),
p(29,1),...,p(2n, 1)} canbeexpandedn termsof spatialoptimal orthogonaimatrix & as:

p(t) = Pa(t) = Z Pran(t); a(t) =2'p(t) (1)

Theorthogonaimatrix ® is theeigervectormatrix of the covariancematrix R, with diagonaleigervalue
matrix 2. Thesearegivenby:
R,® = Q& 2)

It is notedthatthe stochastidecompositiorof the covariancematrix decomposea setof correlatedan-
domprocessep(t) into anumberof componentandomsub-processes(t). Any two randomprocesses
a;(t) anda,(t) arestatisticallynon-correlatedt zerotime lag:

Elai(t)a;(t)] = 0;Ela; (t)] = 65 3)

It canbe shavn thattheintegral of the meansquarevalueis equalto the sumof theeigervalues,i.e.,

E[p'p] = Ela"a] = Z Ela;(t)] = Z Q, (4)

In above, d;; is the Kronelker delta;andsuperscripfl” representshe matrix transpos@perator
Spectral Matrix
The XPSD matrix of randomprocessep(t) canbe decomposeds:

Sp(f) =D(f)D*(f) (5)

wherex representransposeandconjugateoperator Thisdecompositiorwanbeobtainedy theCholeslky
or Schur(modal)decompositionWWhenthedecompositioris basedntheeigervectorsof XPSDmatrix,

D(f) = ¥(f)\/A(f), where¥(f) andA(f) areeigervectorandeigervaluematricesandgivenby:

Sp(f)(f) = A(F)E(f) (6)

Therandomprocessep(t) canbe viewed asthe outputof a systemwith a transfermatrix ¥( ) anda
vectorvaluedinputb(t) with XPSDmatrix of A(f), i.e.

P(f) = T(f)yA(f) = T(F)D(f) = 3 ¥a(f)ba(f) (7)

n=1



or it is writtenin thetime domainas:
N t
P() = > Palt); Palt) = [ bult—r)ba(r)dr (®)
n=1 -0

whereh,, () is the inverseFourier transformof ¥, (f). It canbe seenthatary two elementprocesses
from p, (¢) arestatisticallyfully coherentwhile ary two processegom differentp;(¢) andp;(¢) arenon-
coherent.Hence,eachrandomprocesss viewed asa summationof mutually non-coherentomponent
sub-processes.

The relationshipbetweenthe eigervectorsof the covarianceandfrequeny dependentigervectorsof
the XPSD matricess:

2087 = [T W(NANT (N (©)

0
ANALY SIS OF WIND-INDUCED RESPONSE

Wind effects on structurescan be corveniently separatednto backgroundand resonantcomponents.
Typically, the dynamicresponseanalysisis conductedn modalspacefor computationakfficiengy. In
generalwhile only afew numberof modeseedo beincludedfor theresonantesponsethebackground
componentequireslarger numberof modes.Therefore direct calculationof the backgroundesponse
using quasi-staticanalysisenhancegsomputationakfficiengy over the modalanalysisapproach.The
backgrounccomponenbf a specificresponsey(zo, t) (i.e. displacementshearforce, moment)andits
meansquarevaluecanbegivenas:

ys(20,t) = Ap(t) = A®a(t) (10)
Ng

02 = AR,AT = A®Q®TAT = 3 20, (11)
n=1

wherec, = Y, A;®;, ; Alisthel x N influencevector;p(t) is the NV « 1 externalwind load vector;
a(t) is the Np x 1 expansioncoeficient vector of POD; @ is the N x Ny eigervector matrix of the
covariancematrix R, of p(¢); andN andNg (N < N) arethenumbersof thediscreteloadsandthe
eigervalues(wind loadmodes)consideredrespectiely.

Basedon the load-response-correlati@pproachproposedoy Kasperski(1992),the backgroundcom-
ponentof the equivalentstaticloaddistribution for the peakresponsey,., = go,, (Whereg is thepeak
factor)is expresseds:

Ng
F., = ngAT/ayb = g@Q@TAT/oyb = Z cnSn®n /oy, (12)

n=1

It is notedthat the backgroundesponseandthe associatec@quialentstaticload canbe expresseds
a sumof the contribution from wind loading modes. The contribution of eachmodedependson the
influencefunction,loadingmodeshapeandeigervalue.

Theresonantomponentganbe calculatedby usingmodalanalysistechnique.Consideringhefirst ¢
modesof the structuralsystemthe equationof motionarereducedo ¢ uncoupledequationsn termsof
themodalcoordinatesX(t). The XPSD matrix of X(¢) is givenby:

Sx(f) = H(f)©"S,(f)OH"(f) = Dx(f)Dx"(f) (13)
Dy(f) = H(f)©"D(f) (14)



H(f) = diag[H;(f)}; H;(f) =1/ (mj(-w” + &} + 2i(& + &uj)wjw) (15)
whereD(f) is the N5 x Ng decomposedhatrix (Eq.5, Ny < N). In the caseof decompositiorbased

on the eigervectorsof XSPD matrix, D(f) = ®(f)/A(f) ; © isthe N x ¢ structuralnaturalmodal
shapematrix; m;, w; = 2 f; arethe massandfrequeng in j-th mode;{; and¢,; arethe structuraland
aerodynamicampingratiosin j-th mode(j = 1, 2, ..., q); andi = /—1.

Themeansquarevalueof j-th modalresponseés expresseds(Kareem1999):

o, = | 1H; (/O] Se()eydf = Z D PG DA (16)

wherey;,(f) = GJT\Iln(f). The resonantesponse&omponentanbe evaluatedby assuminghatthe
forcing function is placedby a white noisewith a constantspectraldensity at the structuralnatural
frequeny (Kareem1987):

2 _%S: 7 fixXn (f5) A (f5)

ox. = 17)
Y AR )& + Eap)m
Theresonantomponenbtf y(z, t) is givenby:
Z 2 z 2 2
Ur(20,) = D e;X5u(t); 0y, =D 0y =3 ejox, (18)
j=1 j=1 j=1

wheree; = AM,0; (27 f;)? is the participationcoeficient of j-th modeto the responsey(zo, t); and
M, is the massmatrix in physicalcoordinates.Accordingly, the j-th moderesonantquialentstatic
loaddistribution canbe expressedn termsof inertial forcedistribution as:

Ferj = gMO (27Tfj) Xjr (19)

It is notedthat the resonantmodal responseand equivalentstatic load can be expressedas a sum of
the componentsassociatedvith frequeng dependentoading modes. The contrikution of eachmode
depend®n the structuraldynamiccharacteristicdpadingmodeshapeandeigervalue.

Alternatively, the backgroundesponseanalsobegivenin termsof modalresponsesThemeansquare
valuesof thebackgroundesponsén modalandphysicalcoordinatesregivenby (Kareem1999):

N, o 2 Ngr 2 q
2 - 0 X]n(f)An(f)df o ann . 2 2 20
TXjp = nz::l (27Tfj)4m? - n; (27rfj)4m§’ Typ = ]2::1 Tysp = ]z::l € UX b (20)

whereQ;, = O] ®,,.

Thetotal absolutepeakvalueof responsey(zy, t) is thengivenby (ChenandKareem2000):

q q
Ymaz = 90y = G4/ O:Zb + O-ST = g<0beb + Z Oy, er) = A<FebWb + Z Feerjr) (21)
j=1 j=1
wherelV, andW;, aretheweightingfactorsgivenby:
Wy = oy, /0y; Wi = oy, /0y (22)

Accordingly, thetotal equivalentstaticpeakloaddistributionincludingstaticload F ; is givenas:
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q
F=F,+F, =F,+ (F,W,+ > F.;,W,,)

j=1
(23)
APPLICATION

A 76 story 306 meterswith 76 DOF is used
to discussthe formulationpresentedere. The
first natural frequeny and dampingratio are

0.160 Hz and 0.01, respectiely. The mean 0 5 10 15 20
. . . . Wind load mode number

wind velocity atheightz; above groundis given ) _ ) _

by the power law U; = Uyo(zi/10)%%, where Fig. 1 Eigervaluesof covariancematrix

U, isthemeanwind velocity at 10 m above the 0.04

groundandis choseno be 15 m/sec.The one-
sidedcross-spectrumf along-windfluctuation

€
ong £ 0.03
u; andu; (¢ = 1,2,...,76) is givenby: %
& 0.02
AkoU%, X2 a
Suq;uj' (f) = f (1 + X2)4/360h(zi3 Zja f) %
(24) g 0.01
R @
COh(Zia Zjs f) = eXp(_m) (25) —— L .
Uo 0o 5 10 15 20
whereX=1200f/Usg, ko=0.03andc;=7.7 Wind load mode number

Fig. 2 Backgrounddisplacement

Basedon the quasi-steadynd strip theory the s50 550
dragonthei-th storyis givenby: gl Mode2

Pi(t) = 0.5pA:CpU} (1 + 2u;(t) /U;)  (26) 250

A 1(f1)
=3.28e+04

Height [m]
AN

Height [m]
7

where drag coeficient Cp=1.2 and A; is the
tributary areafor the i-th story unit. Figures "ﬁé:mos
1 and 2 show the eigervaluesof the covari- \

150 Az(fl) > \
=2.69e+04 |

ancematrix andthe contrikution of eachload- 50 N 50
ing mode to the backgrounddisplacemeniat o A BEE ol : -
the top of the bu||d|ng The total RMS re- Wind load mode shape Wind load mode shape

sponseis given by the squareroot of the sum
of the squaresof eachcomponent. The load-
ing mode shapeshasedon the covarianceand
XPSD matricesareshavnin Fig. 3. Theequiv-
alentstaticloaddistributions(pressuresfor the
displacement the top, the baseshearforce
and baseoverturning momentare shown in
Fig.6(b). Figure6(a)alsoshavsthemeanstatic
load (pressure)given by F,={0.5pCpU?}. It
is noted that the backgroundresponseand
loads are dominatedby the first wind load
mode. It contricutedabout95%, 95% and99%
(i.e.c2Q1/ 37 | 2Q),) to the meansquaredis-
placement,baseshearand basemoment, re- Frequency (Hz)

spectvely. Fig. 4 Eigervaluesof XPSD matrix

Fig. 3 Wind loadmodeshapega) from covariance
matrix; (b) from XPSD matrix




Figure 4 shows the eigervaluesof the XPSD
matrix at differentfrequencies.It is notedthat
atthelower frequeng rangethefirst wind load
eigervalue dominates,whereasat higher fre-

gueng rangeall theeigervaluesareof thesame
order Figures5(a)and5(b) showv x;,(fi) =

e7w,(f) (i==1,2;n = 1,2,...,Ns) which

suggestrelative significanceof each loading
mode to the first and secondstructuralmode
responses. Thesealso shov approximateor-

thogonality among loading modesand struc-
tural modes.Sincethefirst loadingmodeshape
is similar to the first structuralmode, the or-

thogonality amongthe higher loading modes
andfirst structuralmode approximatelyholds.
However, it is not true in the caseof second
structuralmode,in which not only thefirst and
secondoadingmodeshut alsothe higherload-
ing modeshave non-ngligible contrikution. In

fact, the loading modesdependon the spatial
variationof the fluctuatingwind field, thesedo

notnecessarilguarante¢heorthogonalitywith

the structuralmodeswhich dependonthe mass
andstiffnessdistribution of thestructure.In this

example,the RMS resonantesponsas domi-

natedby the responsan the first mode (more
than97%), which is contributedmainly by the

first loadingmode(about90%). Theratiosbe-

tweenmeansquardackgrouncindresonante-

sponsesare 0.32, 0.40 and 0.33 for displace-
ment, base shearand base moment, respec-
tively.

The resonantequialent static loads for the
first and secondnatural modesare shavn in

Fig. 6(c). Thetotal peakequialentstaticload
is shawvn in Fig. 6(d). The peakfactorg is as-
sumedto be 3.5. The gustresponsdactorsfor

thedisplacemenatthetop of thebuilding, base
shearforce and baseover-turning momentare
foundto be 1.1124,1.0384and1.0832 respec-
tively.

The stochasticdecompositiontechnique has
beenusedin the simulation of random pro-
cessesisingspectrabr hybrid spectrabndtime
seriesschemegKareem1999).1t hasalsobeen
implementedn state-spacenodelingof multi-
correlatedvind fields (BenfratelloandMuscol-
ino 1999;andKareemandMei 2000). The de-
compositionin Eq. 5 using modal schemere-
guiresmorecomputationakffort in comparison
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Fig. 5 Significanceof loadingmodesto
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with the Cholesly decomposition. In both g
: . 0
schemestruncationof highermodesor reduc-
tion of the order of decompositionenhances 6
computationalefficiengy. In the state-space o
modeling, further approximationof the fre- ot
o
o

gueny dependeneigervectorsof XPSD ma-
trix is possiblein specialcases.The eigervec-
torscanbe evaluatedat a fixedfrequeny if the
eigervectorschangevery slowly with respecto
thefrequeny (KareemandMei 2000). - o
Frequency (Hz)

Figure 7 shaws the influenceof the truncation (a) Generalizednodalforce (model)
of higherloadingmodesonthe PSDof thegen- 6

eralizedforcein thefirst structuralmodeandof 10
theforceonthe50thstory. Thenumberof load- _

ing modesincludedis selectedas1, 2, 10 and S 10°l
20. ThesereconstructedPSD are comparedo g
the original untruncated.Resultsindicatesthat e

an accuraterepresentationf the local element 2 10°}
force, especiallyat higherfrequeng range,us- .

ing the stochastiadecompositiortechniquere- o

qguireslarge numberof loading modes,while
only a few loading modescan accuratelyrep- frequency (Hz)
resentthe global wind loadsand their effects.
The PSDin the high frequeng rangeis partic-

(b) Local forceson 50-thstory

ularly importantfor the estimateof resonante- Fig. 7 Effectsof highermodetruncationto
sponseof moreflexible structuresuchashigh- PSDof rorces
rise buildings.

Fromthe coherencdunction of the wind field thatdecreasewith the increasen frequeny andspatial
separationjt canbe easily understoodhat at higherfrequenyg rangeor with large spatialseparation
the wind fluctuationswill becomestatisticallynon-coherent.Weakly coherentrandomfields require
relatively large numberof modesto be consideredn the reconstruction.in the extremecasewhenthe
randomprocessesire statisticallynon-coherenti.e. the XPSD matrix is diagonal,all the modeswiill
be neededor anaccurataepresentationf the original randomprocesseTherefore the efficiency and
accuray of thesemodelingand simulationtechniquesiependson the propertiesof the XPSD matrix
andthefrequeng rangeof interest.The stochastiddecompositioriechniquds especiallyvery effective
andefficientin simulatingandmodelingwell correlatedandomfieldssuchasthe pressurdieldsaround
low-rise buildings,roofsandsidefacesof tall buildings.

CONCLUSIONS

Examiningthe wind load effectsin light of the loadingmodesenhance®ur understandingf the dy-

namicsof wind effectson structureslt alsoprovidesefficientway to estimatehebackgroundvind load

effects,andsenesasausefultool for simulatingandmodelingmulti-correlatedvind fieldsby truncating
highermodes.Resultsindicatethat accuraterepresentatiof PSD at higherfrequeng rangerequires
inclusionof largernumberof modesespeciallyfor local wind load effects.
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